We generalize the semi-analytical line transfer (SALT) model recently introduced by Scarlata & Panagia (2015) for modeling galactic outflows, to account for bi-conical geometries of various opening angles and orientations with respect to the line-of-sight to the observer, as well as generalized velocity fields. We model the absorption and emission component of the line profile resulting from resonant absorption in the bi-conical outflow. We show how the outflow geometry impacts the resulting line profile. We use simulated spectra with different geometries and velocity fields to study how well the outflow parameters can be recovered. We find that geometrical parameters (including the opening angle and the orientation) are always well recovered. The density and velocity field parameters are reliably recovered when both an absorption and an emission component are visible in the spectra. This condition implies that the velocity and density fields for narrow cones oriented perpendicular to the line of sight will remain unconstrained.
INTRODUCTION
As a prominent source of feedback, galactic winds play a vital role in the study of galaxy evolution and the enrichment of the intergalactic medium, IGM, (Veilleux et al. 2005) . Observations of low-ionization and high-ionization resonant transitions in galactic winds often display P Cygni type line profiles which can reveal a wealth of information regarding the physical nature of the winds. Quantities of interest include density of the gas in the relevant ions, terminal velocity of the wind, and mass outflow rate.
Galactic winds, in both the local universe (Shopbell & Bland-Hawthorn 1998) and at higher redshift Erb 2015) , appear to lack the symmetry of a full spherical outflow, and instead, are better described as having a collimated, or bi-conical geometry. The geometry of the wind can have a strong impact on the estimation of galactic properties. For example, Chisholm et al. (2016) calculated up to an order of magnitude difference in their estimate of the mass loading factor (outflow rate divided by star formation rate) in NGC 6090 when comparing a spherical to a more realistic, bi-conical model.
Various groups have modeled the absorption + emission line profile resulting from the radiative transport of resonant photons in outflowing medium. Models range from simple analytic calculations (Martin et al. 2013; Scarlata & Panagia 2015; Krumholz et al. 2017 ) to more advanced approaches involving Monte Carlo techniques (Prochaska et al. 2011 ). This work is the second in a series of papers in which we explore how different geometries of the scattering medium affect the shape of the resulting line profile. In the first paper, we introduced the semi-analytical line transfer (SALT) model for resonant transitions observed in galactic spectra. There, we explored the effects of having the density and velocity fields varying with radius, while still maintaining a simple spherical symmetry of the outflowing gas. In this second paper, we relax the spherical assumption, and model the line profiles resulting in bi-conical wind geometries, with diverse orientations with respect to an observer and opening angles. In both works we assume a constant ionization structure within the scattering wind, and -as an example application-we consider the resonant 1190Å doublet of the Si + ion to illustrate the effects of the changing geometry on the line profiles. In followup papers, we will explore how the ionization structure of the wind (which depends on the ionization source and the specific ion considered, i.e., ions with different ionization potentials behave differently) affects the density and velocity fields of the outflowing material, and use the models to reproduce actual galactic data. In this paper we did not consider the effects of an infalling envelope on the absorption/emission line spectrum. Infalling material would have an accelerated velocity field, with the velocity increasing as the gas gets closer to the galaxy. In this situation, it can be shown that the gas is at resonance with a given transition in two regions, and a full radiative transport treatment would be required. This paper is organized as follows. We begin by reviewing the SALT model, originally presented by Scarlata & Panagia (2015) for galactic outflows, in Section 2. We generalize the SALT model to bi-conical outflow geometries characterized by an opening and an orientation angle in Section 3. Our discussion follows in Section 4, where we investigate the impact of the outflow geometry on P Cygni line profiles. We test our ability to recover the wind parameters by fitting simulated data in Section 5. Finally, we present our conclusions in Section 6.
SPHERICAL SALT MODEL
In this section, we review the SALT model introduced by Scarlata & Panagia (2015) for spherical galactic outflows. The fiducial model consists of a spherical source (radius R = R SF ) of isotropically emitted radiation. Physically, the source embodies the star formation region/galaxy. The actual geometry of the source has a negligible effect on the outcome of this work, however, it is important to realize that it is an artificial construct. When the star formation region is clearly not a sphere (e.g. in thin-disk galaxies), R SF is better understood as an average of the disk radii projected onto the plane of the sky. The calculations in this work will be extended to account for non spherical geometries of the emitting continuum source in a future paper.
The source is located at the center of a spherical envelope (wind) of material extending from the radius R SF to the terminal radius, R W . A schematic representation of a cross sectional cut of the envelope is presented in Figure 1 . The ξ-axis runs perpendicular to the line of sight and is measured using normalized units, r/R SF . The s-axis runs parallel with the line of sight and is measured using the same normalized units. We refer to an arbitrary radius measured in the normalized units as ρ. The wind is characterized by a velocity field, v, and a density field, n. We assume a power law for the velocity field, with:
where v 0 is the wind velocity at the surface of the source (i.e., at R SF ), and v ∞ is the terminal velocity of the wind at R W . Assuming a steady outflow rate, the density and velocity are related by: n ∝ (vr 2 ) −1 . We assume that throughout the outflow the ionization structure of the gas remains constant. A more detailed exploration of how the ionization structure (which depends on the specific ionizing source as well as on the elements considered) affects the velocity and density fields is beyond the scope of the current work, and will be presented in a forthcoming paper.
To solve the radiation transfer problem, we adopt the Sobolev's approximation (Ambartsumian 1958; Sobolev 1960) . Provided the velocity gradient, dv/dr, is large, an atom moving with respect to the source will only absorb a photon at resonance with a transition line. Mathematically, we can approximate the profile function of the optical depth as a delta function evaluated at the Doppler shifted resonance frequency (Lamers & Cassinelli 1999) .
In essence, we have reduced the radiation transfer problem to a local problem and can now decompose the outflow into thin spherical shells of a given radius, r, velocity, v, and optical depth, τ (r, φ). Here, φ is the angle between the velocity and the trajectory of the photon. The optical depth is
where f ul and λ ul are the osciallator strength and wavelength, respectively, for the ul transition, and σ = dln(v) dln(r) − 1 (Castor 1970) . Assuming our density and velocity field hold, and by neglecting stimulated emission (i.e., 1 − nug l n l gu = 1), we get
and
where n l (r) = n 0 RSF r γ+2 and n 0 is the gas density at R SF . By allowing γ to vary, we will need to make a few slight modifications to several expressions presented in Scarlata & Panagia (2015) , who focus on the γ = 1 scenario. For this reason, we have placed a brief review of their procedure for multiple scattering of reemitted photons in the appendix along with our modifications. The observed spectrum needs to be computed in terms of observed velocities, v obs , which, for a given shell, is the projection of its intrinsic velocity onto the line of sight (i.e., v obs = v cos θ, where θ is the angle between the velocity at a given position and the line of sight). At each v obs , the observed spectrum is then computed accounting for all shells that absorb and reemit at that observed velocity. For a single shell, regions of constant observed velocity form rings in the plane of the sky. Within the outflow, surfaces of constant v obs can be formed by connecting all rings of the same observed velocity from neighboring shells.
An infinitesimal shell will absorb a fraction E(τ ) = 1 − e −τ (v) of the emitted energy. For a spherical shell, this absorbed energy will be evenly distributed in terms of the observed velocities. (We will revisit this statement later when we generalize to non-spherical outflow geometries.)
• Absorption component To compute the absorption component of the observed spectrum, we need only concern ourselves with the portion of each shell in front of the source, as viewed on the plane of the sky (i.e., in the hatched region). A given shell can only absorb in the range of observed velocities between [v, v min ] , where v min is the component of the velocity along the line of sight computed at ξ = 1. Setting y = v/v 0 , we compute:
All shells with intrinsic velocity between v obs and v 1 = v obs / cos θ contribute to the absorption at v obs . Setting x = v obs /v 0 and y 1 = v 1 /v 0 , one can solve the following equation to get y 1 :
Thus, the normalized absorption profile becomes
where the lower bound of integration excludes the source.
• Emission component. We have separated the emission profile into red shifted (positive velocity) and blue shifted (negative velocity) components. For both profiles, half of the remitted energy will be spread evenly from 0 to y. For a given v obs in the red component, we exclude contributions from all shells where the location of v obs is blocked from the observer's field of view by the source. Thus, only shells with intrinsic velocities from y 1 to y ∞ = v ∞ /v 0 will contribute to a given v obs . The blue component will not be occulted, hence, all shells, excluding the source, will contribute. The resulting normalized profiles for the red and blue components are
respectively. The full P Cygni profile becomes
In this formalism it is easy to account for an envelope that does not cover the full source. We define f c as the wind covering fraction. We keep f c constant for all shells. f c can be thought of as clumps or small holes in the wind uniformly distributed across each shell -although the global fraction of energy absorbed by a shell is now f c E(τ ), the energy will still be evenly distributed.
Lastly, we need to account for a limiting, circular observing aperture of radius, R AP . Intuitively, one would expect the emission component of the spectrum to be underestimated when the aperture size is smaller than the wind. One can account for this by changing the range of integration for each profile (Scarlata & Panagia 2015) , however, the same effect can be accounted for by removing shells from the outflow using a scaling factor. We define the aperture factor
where Θ is the Heaviside function:
y ap = v ap /v 0 , where v ap is the intrinsic velocity of the shell with radius R AP . This scale factor will remove all shells that fall outside the aperture radius for a given, x. For an explicit derivation of Θ AP , we refer the reader to the appendix. Finally, combining the wind covering fraction, f c , and the aperture factor, Θ AP , the normalized spherical (Sp) profiles are:
3. BI-CONICAL SALT MODEL
We have constructed a bi-conical outflow with the cones' focal point positioned at the center of the source in Figure  2 . The cones are described by two parameters: α and ψ. α is the half opening angle for each cone. We will refer to α as the opening angle. ψ is the overall angular displacement between the line of sight and the axis of the cones. We will refer to ψ as the orientation angle. A single shell of velocity v now consists of the portion of a spherical shell that lies within the bi-conical outflow. We will refer to it as a bi-conical shell. A blue hatched section has been drawn to indicate the new absorption region.
To account for a bi-conical geometry, we must consider how the energy absorbed by a given shell will be distributed in terms of the observed velocities. For a spherical shell of velocity v the energy is distributed uniformly between ±v. This is demonstrated below and schematically shown in the top left panel of Figure 3 , which shows the emission line profile for a thin spherical shell. Depending on the orientation and opening angle, a bi-conical shell with velocity v may distribute the absorbed energy over a smaller observed velocity range. In the remaining panels of Figure 3 , we show how the line profile changes for three bi-conical shells all with the same velocity v, but different orientations and opening angles. In addition to not covering the full ±v velocity range, the energy is no longer evenly distributed.
To see where the latter effect comes from, we first show why the line profile of a spherical thin shell is flat between ± v.
Following Beals (1931) , we note that the energy absorbed by a band contour, or ring of constant observed velocity (see Figure 4) , will be proportional to the area of the band, i.e., dI(v obs ) Sp = (constant)rdθ2πr sin θ.
Differentiating the observed velocity, v obs = −v cos θ, we get
Hence,
and the distribution is independent of θ. Thus, the energy absorbed by a single shell of velocity v and radius r will be evenly distributed in terms of the observed velocities. the remaining three plots we consider bi-conical shells with different orientations with respect to the line of sight and different geometries. Bottom left: emission from a thin shell in a bi-conical outflow oriented along the line of sight. The emission profile is constant in the velocity range between v, and the observed velocity corresponding to the edge of the shell (which does not extend all the way to 0). Bottom right: same as before, but now the outflow is oriented 45
• away from the line of sight. The emission profile is modulated by the projection of the shell on the line of sight, it never reaches either zero or v. Top right: a bi-conical shell oriented 45
• away from the line of sight, but with a larger opening angle than before. At v obs ∼ v, the emission is the same as that of a full sphere.
In the case of a bi-conical shell the band contour will no longer be circular, i.e., at a given observed velocity, it will have an arc length, l < 2πr sin θ. Hence, with BC denoting the bi-conical case:
where f g = l/2πr sin θ. Thus, the bi-conical energy distribution can be obtained by scaling the spherical energy distribution by a scale factor, f g . We call this scaling ratio the geometric factor. Note that the arc length, l, is a non-trivial function of the observed velocity, x, implying that the absorbed energy will no longer be evenly distributed in terms of x as in the spherical case. We have provided an explicit calculation of f g in the appendix. To conclude, the normalized bi-conical profiles are:
4. DISCUSSION
Line Profiles for Bi-conical Outflows
We begin the discussion by investigating how the geometry of the outflow (i.e., the opening angle α and orientation angle ψ) impacts the shape of the resonant line profiles. In Figure 5 , we vary the orientation angle while the opening angle remains fixed at 45
• . We show the absorption and emission components of the profiles separately in the left and right panels of the Figure, respectively. As ψ increases, the outflow covers a smaller fraction of the source, resulting in a smaller overall absorption. For large ψ, the absorption is limited to small observed velocities, reflecting the fact that the outermost shells (i.e., with the higher velocities) are not contributing to the absorption. For ψ = 90
• , the outflow is oriented perpendicularly to the line of sight, and the absorption is almost negligible. At this orientation the emission component is symmetric with respect to the systemic velocity (if we ignore the small occulting effect of the source). As ψ decreases and the outflow rotates towards the line of sight, gas is no longer moving perpendicularly to it. Therefore the reemission at zero velocity decreases, and a dip appears in the emission profile. The dip broadens and the emission at larger observed velocities increases as the outflow continues to move closer to the line of sight. Finally, it is important to realize that for specific inclination/opening angle combinations of the bi-conical outflow, the maximum velocity at which absorption occurs may largely underestimate the true terminal velocity of the wind. This happens when the forward facing part of the outflow is oriented in such a way that absorption no longer occurs at the terminal velocity (e.g., when ψ > α, if y 1/γ ∞ sin (ψ − α) > (ξ = 1)). For these orientations, v max only reflects the outflow geometry and orientation.
We consider the opposite scenario in Figure 6 , where we vary the opening angle and keep the orientation angle fixed at 45
• . For α = 90
• , the geometry is spherical and the profiles are the same as presented in Scarlata & Panagia (2015) . As α decreases, the outflow decreases in overall size, covering a smaller fraction of the source, leading to a smaller overall absorption component. For small α, absorption occurs only at lower velocities because the shells at larger velocity are no longer in front of the source. In the right panel, we see that for α < 90
• − ψ, material no longer moves perpendicular to the line of sight, resulting in an overall decrease in emission at zero observed velocity. The emission dip will broaden as α continues to decrease as fewer shells contribute at low velocities. Similar to Figure 5 , the asymmetry between the blue and red emission components is due to occultation by the source.
The full P Cygni profile (i.e., absorption + emission) for variable orientation angle and variable opening angle are shown in the left and right panels of Figure 7 , respectively. These figures show that the apparent absorption component is decreased as a result of the infilling by the blue emission. However, many of the same features from the previous discussion are still visible including the emission dip. Observing such a feature would be strong evidence for a bi-conical outflow (Bae & Woo 2016) .
We consider the effects of varying the velocity power law index, γ, in Figure 8 , where we consider the spherical and bi-conical outflows in the left and right panels, respectively. In calculating the profiles we only change the value of γ. In both the spherical and bi-conical cases, the strength of the absorption at high observed velocities increases with γ. This is because, as γ increases, the terminal velocity (which is constant in all models) is reached at progressively smaller distances, i.e., at progressively larger densities -resulting in stronger absorption for larger γ. Consequently, the stronger absorption is reflected in a stronger re-emission component. In the bi-conical geometry two effects are responsible for the observed line profile: 1) how quickly the density grows with respect to the velocity field, and 2) how much of the wind contributes to the emission at a given observed velocity. The first effect is controlled by γ and τ . The second effect is controlled by the geometry/orientation of the outflow and γ -which define the surfaces of constant observed velocity (see Figure 19 in the Appendix).
Effects of Aperture and Covering Fraction
Spectroscopic observations are typically conducted with an aperture of finite size, which may cover only part of the scattering envelope. The shape of the resulting line profile will depend on the shape of the aperture, and on the relative sizes of the aperture and the envelope. We explore here the effects of circular apertures. We show the results for spherical and bi-conical outflows in Figure 9 , left and right panels, respectively. The opening angle of the bi-conical outflow is fixed at 45
• and the outflow is oriented parallel to the line of sight. As expected, for apertures smaller than the terminal radius of the wind, i.e., for R AP < R W , the overall emission decreases, for both the spherical and bi-conical models. The shape of the profile also changes, i.e., the decrease in emission is not a simple scaling factor. This velocity dependence is introduced by the fact that smaller apertures progressively block photons scattered by regions with different projected velocities. This effect can be clearly seen in the bi-conical case example shown in Figure 9 , where photons emitted by regions at progressively smaller projected velocities are blocked. Smaller apertures also help to reduce the contribution of the blue component of the scattered re-emission to the absorption profile (effect known as "in-filling", e.g., Prochaska et al. 2011; Martin et al. 2012; Erb et al. 2012) .
Recent works have advocated a covering fraction (f c ) smaller than unity for the neutral outflowing gas (Rivera- Thorsen et al. 2015; Jones et al. 2013) . We have explored this possibility in Section 2.1, where we computed the profiles generated in a spherical outflow with varying f c . The resulting line profiles are shown in Figure 10 , left • , perpendicular to the line of sight. As ψ increases, the outflow moves away from the line of sight, resulting in fewer and fewer shells contributing to the absorption (left), and less emission at high projected velocities (right). The emission profiles are double peaked because no material is reemitting at projected velocities of zero for small inclination angles. At the limit of ψ = 90
• , the emission component is a single peak, centered at zero. panel. The effect of a decreasing covering fraction is to reduce both the absorption and the scattered re-emission components. This effect is distinguishable from the changes introduced by different sized apertures, which act only to reduce the emission component (leaving the absorption untouched). A bi-conical outflow effectively covers only a fraction of the emitting source. The profiles resulting in the two cases (spherical with f c = 1 and bi-conical), however, can clearly be distinguished, by the shape of the emission profile (e.g., the dip in the emission component at zero projected velocities, see Figure 7 ) and the ratio between the areas of the absorption and emission components.
Equivalent Widths and Blue Emission In-fill
We next quantify the effects of the geometry on the ratio between the absorption and emission equivalent widths (EWs) of the model profiles. To do so, we directly compare the area produced by the light profile below the continuum, • ), while the remaining parameters used to generate the profiles are: τ0 = 330, v0 = 25 km s −1 , and v∞ = 450 km s −1 . As γ increases, the terminal velocities are reached at progressively smaller distances and progressively larger densities, which results in stronger absorption for larger γ. For the bi-conical outflow, both how quickly the density grows with respect to the velocity field and the geometry will affect how much absorption/re-emission occurs at a given observed velocity.
A ABS , to the total area above the continuum, A EM (which includes both the red and blue emission components). A ABS is defined to be negative. To study the effect of the emission on the absorption profile as a function of the outflow geometry (α, ψ), we compute the ratio R EW as follows:
The value of R EW for different values of α and ψ is shown in Figure 11 . In the spherical case, while ignoring occultation from the source, one would expect the profile to have equal absorption and emission EWs, or R EW = 0 (e.g., Prochaska et al. 2011 ). This is not always the case for bi-conical outflows. When viewed perpendicular to the line of sight (i.e., large values of ψ), a bi-conical outflow heavily favors emission, (R EW ≈ 1), for all but the largest values of α. In contrast, when viewed directly along the line of sight (i.e., small values of ψ), the bi-conical outflow favors absorption, (R EW ≈ −1), for all but the largest values of α. When the edge of the cone is aligned with the , the aperture is the same size as the source, i.e., RAP = RSF . As RAP decreases, the emission profile diminishes rapidly. In the bi-conical outflow, as RAP decreases, the emission profile begins to decrease, however, the effect is less prominent compared to the spherical model. The majority of the wind lies along the line of sight and is not eminently affected by the decreasing aperture. Figure 10 . Full resonant line profiles resulting in a spherical outflow, computed varying the outflow covering fraction, fc. For fc = 1, there are no holes/clumps in the wind and we recover the fiducial model. Reducing fc diminishes both the emission and absorption components. This is distinguishable from the effect of reducing the aperture, which reduces only emission. (The remaining parameters used to generate the profiles are: τ0 = 330, γ = 1, v0 = 25 km s −1 , and v∞ = 450 km s −1 .) line of sight (i.e., α < 90
• and α = ψ) a large fraction of the source remains uncovered and the profile tends to have R EW ≈ 0. Small changes in either the orientation or the opening angles have large effects on R EW in this regime.
In addition, we also investigate how the outflow geometry directly affects the blue shifted emission in-filling of the absorption component in a P Cygni profile by allowing the geometry to vary while holding the remaining parameters constant in our models. We isolate the emission and absorption components, and consider the ratio: where A EM\ABS is the blue shifted emission area, excluding the absorption component, and A ABS\EM is the absorption area, excluding the emission component. For R IN << 1, there is barely any blue emission in-filling the absorption component of the profile. These outflows are characteristically oriented along the line of sight and have smaller opening angles. For R IN >> 1, the profile is dominated by the emission component, and little to no absorption is visible in the profile. Such outflows are oriented away from the line of sight and have smaller opening angles. The later scenario is dramatically different from the blue emission in-filling present in spherical outflows, and unique to bi-conical outflows. As pointed out by Zhu et al. (2015) , the blue emission in-fill can never dominate the absorption component in a spherical outflow. Ultimately, the exact value of the ratio R IN will depend on all of the parameters mentioned in this paper, and additional factors such as multiple scattering, i.e., photons reemitted outside the resonant channel, but arguably the most important factor affecting R IN is the geometry. We have plotted (2/π) arctan (R IN ) in Figure 12 to map the range of the ratio R IN between zero and one. It is important to note that R IN cannot be directly observed, for the blue infill and absorption areas will be combined in a P Cygni profile, i.e., A EM\ABS + A ABS\EM . Therefore, only Figure 11 , not Figure 12 , can be compared to observations. However, the blue shifted emission infill can be separated from the true absorption component using R IN , from Figure 12 , if model fits can sufficiently constrain the geometry of the outflow and the observed P Cygni profile. In the next section, we explore how reliably the outflow parameters can be recovered in simulated data.
SIMULATED SPECTRA AND FITTING PROCEDURE
In this Section, we explore the accuracy at which the outflow parameters are recovered using spectral fitting procedures. To this aim, we created a set of 50 simulated spectra, with a range of randomly chosen input parameters. Our model is described by six parameters: the opening angle, α, the orientation angle, ψ, the power law index of the velocity field, γ, the optical depth, τ o , the initial velocity, v 0 , and the terminal velocity, v ∞ . We generated the spectra by selecting parameters uniformly from the following parameter ranges: 20
, and 200 ≤ v ∞ ≤ 800 km s −1 . In order to reproduce actual data, we added Gaussian noise to the simulated spectra, to reach a signal to noise ratio of approximately 10 in the normalized continuum (Henry et al. 2015) .
To derive the best fit parameters for the model, we used the emcee package in python (Foreman-Mackey et al. 2013) , which relies on the Python implementation of Goodman's and Weare's Affine Invariant Markov Chain Monte Carlo (MCMC) Ensemble sampler (Goodman & Weare 2010) .
The emcee analysis returns probability distributions (PDFs) for each parameter. Because many of the PDFs are asymmetric, the best fit parameters were chosen to represent the most likely value (i.e., the mode) for a given parameter's PDF. Similarly, we chose the median of the absolute deviation around the mode (MAD) to describe the width for each distribution (and use this value as an estimate of the error associated with each parameter).
Discussion of Returned Parameters From Model Fitting
Figures 13, 14, and 15 show the comparison between the input parameter values (on the horizontal axis) and the recovered values (on the vertical axis). For clarity, we have organized the simulations according to orientation. In general, the parameters describing the geometry of the outflow (α,ψ) are the best constrained. The accuracy with which we derive the velocity and optical density parameters depends on the inclination of the cone with respect to the line of sight. The highest accuracy is reached for 30
• ≤ ψ < 60
• . These profiles are characterized by having both a strong emission and absorption component visible in the spectra, simultaneously providing constraints on the geometry, the velocity, and the density of the scattering gas. An example spectrum has been provided in Figure 16 . Its simulation results are highlighted by the red point in Figure 14 .
When the cone is oriented almost perpendicularly to the line of sight (i.e., for ψ > 60 • ), and for small opening angles, the profiles are dominated by the emission component. Additionally, the limited absorption present in these profiles is restricted to material close to the source of emission, with low velocity and high density. Shells at higher velocities no longer contribute to the absorption -limiting their diagnostic power. In these cases, the terminal velocity v ∞ is not well constrained (i.e., measured with large uncertainties) and it is typically underestimated. This is because v ∞ has little effect on the emission component. There are two reasons for this. The first is that shells at higher velocities (i.e. near the terminal shell) have relatively lower density compared to shells at lower velocities. Hence, their contribution to the spectrum is weak, by comparison, to shells at higher densities. This effect is not unique to the emission profile, but also present in how the higher velocity shells affect the absorption profile. The second reason is due to a projection effect. The energy absorbed by shells near the terminal velocity will be reemitted over a much larger range in observed velocity. For example, the energy absorbed by the blue-shifted emitting region of a spherical terminal shell will be distributed from zero to the terminal velocity. Hence, its already small contribution to the emission profile will be diminished dramatically. This issue is not as prominent in the absorption component because the range of observed velocities is constrained by the absorption region and does not increase with radius (or velocity) like in the emission case. Therefore, estimates of the maximum or terminal wind velocities from emission features alone will return lower estimates of these values when compared to studies including the absorption features. Figure 13 . Results of the simulations performed to assess the accuracy at which the outflow parameters are recovered using spectral fitting procedures. This Figure shows the results for bi-conical models with orientation angle 0
• ≤ ψ < 30 • (i.e., approximately oriented along the line of sight). The recovered parameters are plotted as a function of the input values. The solid orange lines represent a perfect match between the true value and best fit. For sufficiently small opening angles, α, these profiles are characterized by large absorption and small emission components. We have traced a profile that was drastically underestimated in v∞ by coloring it red. The corresponding profile is shown in Figure 18 .
An example spectrum demonstrating this effect has been provided in Figure 17 . Its simulation results are highlighted by the red point in Figure 15 . Notice that the recovered best fit nearly matches the original spectrum, or true value, however, the terminal velocity has been severely underestimated signifying the negligible contribution the shells near terminal velocity make to the spectrum. It is important to realize that the inability for the emission component alone to constrain the terminal velocity is independent of geometry.
ψ itself appears to be overestimated in Figure 15 . As demonstrated in Section 4, ψ acts to control the position of the emission component and a large change in ψ results in a small shift in the actual profile in terms of the observed velocities. This minuscule effect is difficult to detect with low signal-to-noise data.
Finally, when the cone is parallel to the line of sight, the parameters are typically well recovered, albeit with a larger uncertainty. We have selected one case, with drastically underestimated v ∞ . The profile is plotted in Figure 18 and the simulation results are highlighted by the red point in Figure 13 . It is easy to see that, because of the low column density of this particular example, the true velocity range of the absorption component has been lost due to the low signal-to-noise, resulting in an underestimate of v ∞ . Figure 14 . Same as Figure 13 for bi-conical models with orientation angle 30
• . These profiles are characterized by having both strong absorption and emission components. We have traced a profile for reference by coloring it red. The corresponding profile is shown in Figure 16 . Figure 15 . Same as Figure 13 for bi-conical models with orientation angle 60
• ≤ ψ ≤ 90
• . These outflows are approximately perpendicular to the line of sight. For sufficiently small opening angles, α, these profiles are characterized by a small (if visible) absorption dip and a large emission spike. The terminal velocity cannot be reliably recovered from a profile with only an emission component. We have traced one such profile in red. The corresponding profile is shown in Figure 17 . Figure 16 . Mock profile (red), true value (black), and best fit (blue) for the red colored marker in Figure 14 . The grey area represents plus or minus the error at each observed velocity. Here, the outflow is oriented such that the profile will have both a strong absorption and emission component (30 ≤ ψ < 60
• ). An emblem representing the outflow geometry as viewed from the right has been placed in the upper left corner. Parameters are most easily returned for these types of profiles. Figure 17 . Same presentation as in Figure 16 , but for the red colored marker in Figure 15 . Here, the outflow is oriented perpendicular to the line-of-sight (60
• ≤ ψ). Hence, the profile is dominated by an emission spike with no visible absorption. Shells near the terminal velocity make negligible contributions to the emission profile rendering the terminal velocity difficult to recover. Indeed, the best fit almost matches the true value, however, the terminal velocity has been severely underestimated. Figure 18 . Same presentation as in Figure 16 , but for the red colored marker in Figure 13 . Here, the outflow is oriented toward the observer (ψ < 30
• ), and confined to the absorption region. Hence, the profile is dominated by an absorption dip with little to no visible emission. It is difficult for the model to find the correct terminal velocity, for the maximum velocity at which absorption occurs can easily succumb to the signal to noise.
CONCLUSIONS
In this paper we have presented and discussed an extension to the SALT model presented in Scarlata & Panagia (2015) , to calculate the expected absorption and re-emission line profile generated in a bi-conical outflow surrounding a spherical source, or galaxy, with a finite size (R SF ), under the Sobolev approximation. We parametrize the outflow with the opening angle α and the inclination with respect to the line of sight. Similar to our previous work, we computed the analytical profiles for a gas velocity increasing with distance from the galaxy (v ∝ r γ ), and a constant mass outflow rate (n l (r) ∝ (vr 2 ) −1 ). The particular velocity and density laws used in this work are motivated by the need to explore how the absorption/emission line profiles change going from a spherical outflow (studied in Scarlata & Panagia 2015) to a bi-conical geometry, with the same v and n laws. Similarly, for simplicity in this paper we have assumed a constant ionization state of the gas throughout the outflow. A full analysis that solve for the ionization state as a function of the density, velocity field, luminosity and spectral shape of the source is beyond the scope of this work, and will be the subject of future papers.
We analyzed the effects of the wind geometry on the line profiles, and compared to the simpler spherical model, with constant covering fraction, f c . The resulting profiles vary substantially. Depending on the orientation, the profile can vary from pure absorption (i.e., small α and ψ) to pure emission (for large ψ and small α), with a range of P Cygni-like profile shapes in between. We have studied how the ratio between the EW of the emission and absorption components changes with the outflow geometry.
We used simulated spectra to study the accuracy and degeneracies in recovery of the outflow parameters from fitting models to the data. We show that for a typical S/N ratio of ≃ 10 in the continuum, the geometry can be accurately reproduced. The velocity field (described by v 0 , v ∞ , and γ) is better constrained when the terminal shell of the outflow intercepts the line of sight, producing absorption at v ∞ . If this is not the case, then the maximum velocity remains largely unconstrained by the resulting absorption profiles. This fact has an interesting consequence. Because the outflows will be distributed randomly in the sky, one would expect that for many of them gas moving at v ∞ will not necessarily contribute to the absorption component. Consequently, one would expect to find only weak correlations between the maximum velocity of absorption and galactic properties, as found by Martin et al. (e.g., 2012) . Furthermore, studies analyzing only emission spectra cannot reliably recover the terminal velocity in high velocity winds and are likely to return a lower estimate of the terminal velocity in comparison to studies including the absorption component. This is in regard to any geometry of the outflow for the shells with higher velocities make negligible contributions to the emission spectrum.
To conclude, by simultaneously modeling the resonant absorption and the associated resonant emission, the line profiles computed with our SALT model can be used to constrain the real 3-dimensional geometry and orientation of gaseous outflows, their density field and the velocity structure within the winds. This information can be used to constrain the wind launching mechanism, to ultimately shed light on SF driven feedback.
APPENDIX .1. Multiple Scattering
Here we review the method of multiple scattering by Scarlata & Panagia (2015) . Once a resonant photon is scattered/absorbed it will have a probability of getting re-absorbed/re-scattered by local ions. We define the escape probability β of a photon from a shell of velocity v to be the probability that a photon is scattered/absorbed at resonance per mean free path, i.e.,
Once a photon is scattered, it will have a probability p F of being reemitted via the fluorescent channel and a probability p R of being reemitted via the resonant channel. Because of the Sobolev approximation, a photon emitted via the fluorescent channel will escape the outflow and make its way to the observer. Of the fraction p R , a fraction 1 − β of photons will be absorbed again before they escape the shell. Accordingly, some of these photons will enter the resonant channel and some the fluorescent channel. The process repeats itself iteratively. The final fraction of photons entering the fluorescent channel becomes
and the final fraction entering the resonant channel becomes
After each scattering, the optical depth will depend upon the velocity and the new trajectory of the scattered photon. To account for this, we take β in expressions 2 and 3 averaged over the 2-sphere,
.2. Observing Aperture Figure 19 . On the left are concentric shells of radii ρ1 and ρ2 at velocities v1 and v2, respectively. The orange regions are excluded by an aperture of radius ρAP . For a shell of velocity v1, the equivalent observed velocity for a shell with larger radius, ρ2, is defined by the expression, v1 = v2 cos θ. We want to find this location in terms of position, hence, we use the angle θ to construct a right triangle in terms of the radius, ρ2, i.e., ρ 2 2 = ρ 2 2,s + ρ 2 2,ξ , where ρ2,s = ρ2 cos θ and ρ 2,ξ = ρ2 sin θ are the horizontal and vertical components of the triangle, respectively. A shell will be excluded by the aperture if the location of constant observed velocity lies outside the aperture radius, i.e. ρ 2,ξ > ρAP . To the right are curves, Γ, of constant observed velocity, v obs , for velocity fields of different power law index, γ, drawn overtop a bi-conical outflow shown in red. These curves represent where the surfaces of constant observed velocity intersect the plane of the diagram. If a shell intersects the curve, it will contribute to the spectrum at the observed velocity defining Γ.
To account for a limiting, observing aperture we need to make precise when a shell in an outflow will no longer contribute to the observed spectrum. For a given v obs , we define the curve of constant observed velocity, Γ, to be the intersection of the surface of constant v obs with the ξs-plane. We have plotted Γ for several velocity fields of different power law index γ to the right in Figure 19 . Shells that intersect Γ outside of the aperture radius, ρ AP , will no longer contribute to the observed spectrum at v obs .
We seek to parameterize Γ in the ξs-plane. To this end, we consider the generic problem of identifying the curve of constant observed velocity between two shells of known position in a velocity field of arbitrary power law as defined in Section 2. Let ρ 1 , v 1 and ρ 2 , v 2 be the radii and velocities, respectively, for two separate shells such that ρ 2 > ρ 1 . See Figure 19 . Finding the equivalent observed velocity to v 1 at ρ 2 , we get
We want to exclude all shells along the curve of constant observed velocity that fall outside the aperture radius, ρ AP , hence, we seek the location of constant observed velocity in terms of position. Using the angle determined from the velocity field, we define a triangle in terms of the radius, ρ 2 , such that ρ 2 2,s + ρ 2 2,ξ = ρ 2 2 , where ρ 2,s = ρ 2 cos θ and ρ 2,ξ = ρ 2 sin θ are the horizontal and vertical components of the triangle, respectively. Moreover,
Hence, the vertical component becomes
Thus, the parameterization of Γ in the ξs-plane becomes
where in the last expression we have converted back into velocity and expressed the generic quantities in terms relevant to the paper. Thus, following along the curve of constant observed velocity for a shell of radius ρ 1 and velocity v 1 , all contributions to the spectrum at the observed velocity v 1 from shells of larger radius, ρ 2 , will be excluded if ρ AP < ρ 2,ξ , i.e., 
Converting to velocity and the relevant quantities, we get the following condition,
where y ap = v ap /v 0 . Therefore, we define the aperture factor
where Θ is the Heaviside function: 
This scaling factor will exclude all shells outside the aperture radius. Note that this construction will work for all outflow geometries. • and α < ψ, (III) α + ψ < 90
• and α > ψ, and (IV) α + ψ < 90 • and α < ψ. We want to find the fraction of the bi-conical shell overlapping the spherical shell for a given observed velocity. We use the band contour of constant observed velocity for a shell of velocity y located at a distance V = xy (1−γ)/γ from the ξ-axis. Our goal to compute fg, is to calculate the angular separation, η, made by half of the arc length of the overlap of the spherical shell with the observed velocity contour, shown in dark blue. To do this, we calculate the two lengths, T and G, forming the tangent of η. To complete this task, we calculate T from the circle formed by the intersection of the bi-conical shell with the spherical shell, shown in red. We have shown the necessary values for calculating η in I and II. The computation for III, is the same as I, and the computation for IV, follows from III.
To calculate the geometric factor, f g , we want to find the fraction of a bi-conical shell of intrinsic velocity, y, overlapping the constant observed velocity contour of interest from the corresponding spherical shell. For a velocity field of power law index, γ, the curve of constant observed velocity, x, will be Γ = (ξ, s) = (xy (1−γ)/γ , [y 2/γ − x 2 y 2(1−γ)/γ ] 1/2 ).
See Appendix 1. for a derivation. All shells that intersect Γ will contribute to the spectrum at x. Thus for a given x, we want to compute f g for all shells of intrinsic velocity y that intersect Γ. Then given a shell of intrinsic velocity, y, the distance to the relevant contour from the center of the outflow, written in terms of velocity, will be V = xy (1−γ)/γ . This distance has been drawn in orange in Figure 20 . Now that we know the precise location of the observed velocity contour in terms of x, we need to explicitly compute f g . Our approach will be to find the angular separation, η, made by half of the arc length of the overlap of the spherical shell with the observed velocity contour, shown in dark blue. We consider four major cases regarding the wind geometry.
For cases I and II: α + ψ > 90
• and α > ψ (I) or α < ψ (II). As shown in I, the observed velocity contour touches both the front and backside of the bi-conical shell. We will distinguish these contributions as f gu and f gl , respectively. We provide only the pictorial representation of the geometry necessary to calculate f gu , however, calculations for both f gu and f gl are provided. We will need the following quantities to compute f gu : δ = π/2 − α; β = α + ψ − π/2; W 1 = y sin (β) sin (π − ψ)
; W 2 = V sin (ψ)
; W = W 1 + W 2 ; P = W sin (δ) sin (α + ψ) ; S = y 1/γ ; Q = S sin (α);
; J = P tan (β)
; G = J − K; η = arctan T G .
Thus,
(If V > J tan (ψ), set G = K − J and take f gu = 1 − η π .) To compute f gl , we will need the following:
Therefore,
For cases III and IV: α + ψ < 90
• and α > ψ (III) or α < ψ (IV). We will need the following quantities to compute f g : κ = α + ψ; H = y 1/γ cos (κ); Z = V − H; W = Z sin (ψ)
; L = Z tan (ψ) ;
(If V > J tan (ψ) + H, set G = L − J and take f g = 1 − η π .)
